Abstract. We show that the bigroupoid of separable symmetric Frobenius algebras over an algebraically closed field and the bigroupoid of finitely semi-simple Calabi-Yau categories are equivalent. To this end, we construct a trace on the category of finitely-generated representations of a symmetric, separable Frobenius algebra, given by the composite of the Frobenius form with the Hattori-Stallings trace.
Introduction
The starting point for this paper is the weak 2-functor sending an algebra to its category of representations. If Alg 2 denotes the Morita bicategory and Vect 2 is the bicategory of linear categories, the weak 2-functor Rep sending a separable algebra to its category of finitely-generated modules is an equivalence between the fully-dualizable objects of the bicategories Alg 2 and Vect 2 , cf. [BDSV15, Appendix A] .
In this paper, we endow the objects of Alg 2 with the additional structure of a symmetric Frobenius algebra. We show that the category of finitely-generated representations of a symmetric, separable Frobenius algebra carries a canonical structure of a finite, semi-simple Calabi-Yau category as considered in [MS06] . The Calabi-Yau structure on the representation category is given by the composite of the Hattori-Stallings trace with the Frobenius form. This allows us to construct a 2-functor Our first result in theorem 4.3 shows that this 2-functor is an equivalence of bigroupoids. The second part of the present paper puts this result into perspective by relating it to homotopy fixed points, which are another type of important additional structure on higher categories. If C is a bicategory endowed with the action of a topological group G, the companion paper [HSV16] constructs a bicategory of homotopy fixed points C G of this action. Given a weak 2-functor F : C → D between two bicategories endowed with the action of a topological group, we introduce the concept of an "equivariantization" of this 2-functor. As in the case of homotopy fixed points, this will be additional structure on the functor. We show that a 2-functor with such a G-equivariant structure induces a 2-functor F
on homotopy fixed point bicategories. As an application, we consider the trivial action of the topological group SO(2) on the core of fullydualizable objects of Alg 2 and Vect 2 . Since the action is trivial, the 2-functor sending an algebra to its category of representations has a canonical SO(2)-equivariant structure. Thus, it induces a 2-functor (1.2) Rep
SO(2)
: K (Alg and K (Vect fd 2 ) SO(2) are the bigroupoids of homotopy fixed points of the trivial SO(2)-action on the core of fully-dualizable objects of Alg 2 and Vect 2 . Our second result in theorem 5.7 shows that up to these two equivalences, the induced functor Rep SO(2) is naturally isomorphic to the 2-functor Rep These results are related to topological quantum field theories as follows: the cobordism hypothesis [Lur09] asserts that a framed, fully-extended, 2-dimensional topological quantum field theory is classified by its value on the positively framed point. However, one needs more data to classify oriented theories, which is given by the datum of an homotopy fixed point of a certain SO(2)-action on the target bicategory.
Hence, in the language of topological quantum field theory, the equivalence between fully-dualizable objects of Alg 2 and Vect 2 as proven in [BDSV15, Appendix A] shows that framed 2-dimensional topological quantum field theories with target space Alg 2 are equivalent to field theories with target Vect 2 . Our results now imply that this equivalence of framed theories with target spaces Alg 2 and Vect 2 extends to an equivalence of oriented theories with target spaces Alg 2 and Vect 2 .
The paper is organized as follows: in section 2, we recall the definition of the bicategory Frob of separable, symmetric Frobenius algebras, compatible Morita contexts and intertwiners, and of the bicategory CY of finitely semisimple Calabi-Yau categories. The expert reader might wish to at least take notice of the notion of a compatible Morita context between two symmetric Frobenius algebras in definition 2.6.
In section 3, we construct a weak 2-functor Rep fg which sends a symmetric, separable Frobenius algebra to its category of finitely-generated modules. We endow this category of representations with the Calabi-Yau structure given by the composite of the Frobenius form with the Hattori-Stallings trace in definition 3.3, and show in theorem 4.3 that this functor is an equivalence of bicategories. Section 4 is devoted to the proof of theorem 4.3.
The second part of the paper deals with relating the equivalence of bicategories Frob ∼ = CY of theorem 4.3 with homotopy fixed points. In section 5, we define the concept of "equivariantization" of a 2-functor between bicategories endowed with a G-action, and give an explicit description of the induced 2-functor on homotopy fixed points. As an example, we endow both Alg 2 and Vect 2 with the trivial SO(2)-action and compute the induced functor Rep SO(2) on homotopy fixed points. Theorem 5.7 then shows that this induced 2-functor is naturally isomorphic to the 2-functor Rep fg constructed in section 3, and thus diagram (1.4) commutes up to a pseudo-natural isomorphism.
Throughout the paper we use the following conventions: all algebras considered will be over an algebraically closed field K. All Frobenius algebras appearing will be symmetric.
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Frobenius algebras and Calabi-Yau categories
For the convenience of the reader, we recall the definitions of compatible Morita contexts between symmetric Frobenius algebras. This material has already appeared in [SP09] and [HSV16] .
2.1. The bicategory of Frobenius algebras. Definition 2.1. Let K be a field. A Frobenius algebra (A, λ) consists of an associative, unital K-algebra A, together with a linear map λ : A → K, so that the pairing 
are isomorphisms of bimodules, so that the two diagrams
These two conditions are not independent from each other, as the next lemma shows. Note that Morita contexts are the adjoint 1-equivalences in the bicategory Alg 2 of algebras, bimodules and intertwiners. These form a category, where the morphisms are given by the following: 
If the algebras in question have the additional structure of a symmetric Frobenius form λ : A → K, we would like to formulate a compatibility condition between the Morita context and the Frobenius forms. The next lemma helps us to do that: 
where n i and m j are defined by
The isomorphism f described in Lemma 2.5 allows to introduce the following relevant definition. 
commutes. Using the notation from lemma 2.5, this means that
Definition 2.7. Let K be an algebraically closed field. Let Frob be the bicategory where • objects are given by finite-dimensional, semisimple, symmetric Frobenius K-algebras, • 1-morphisms are given by compatible Morita contexts, as in definition 2.6, • 2-morphisms are given by isomorphisms of Morita contexts. Note that Frob has got the structure of a symmetric monoidal bigroupoid, where the monoidal product is given by the tensor product over the ground field, which is the monoidal unit.
2.2. The bicategory of Calabi-Yau categories. Another main player of this paper are Calabi-Yau categories, which we define next.
Let K be a field, and let Vect be the category of K-vector spaces. Recall the following terminology: a linear category is an abelian category with a compatible enrichment over Vect. A linear functor is an additive functor which is also a functor of Vect-enriched categories. (1) there are only finitely many isomorphism classes of simple objects of C, (2) the category C has enough projectives, (3) every object of C has finite length, and (4) the Hom-spaces of C are finite-dimensional. (1) for each f ∈ Hom C (c, d) and for each g ∈ Hom C (d, c), we have that
for all objects c of C, the induced pairing
is a non-degenerate pairing of K-vector spaces. We will call the collection of morphisms tr C c a trace on C. Note that an equivalent way of defining a Calabi-Yau structure on a linear category C is by specifying a natural isomorphism (2.14)
Remark 2.10. A Calabi Yau category with one object is a symmetric Frobenius algebra. More generally, the space of all endomorphisms of an object of a Calabi-Yau category has got the structure of a symmetric Frobenius algebra.
Adapting the proof of [Sta65, Section 1] to the setting of linear categories shows the following lemma:
Lemma 2.11. Let (C, tr C ) be a Calabi-Yau category, and let x 1 , . . . , x n be objects of C. Let x := ⊕ n i=1 x i , and let f ∈ End C (x). Since C is an additive category, we may write the morphism f in matrix form as
where the entries f ij are morphisms f ij ∈ Hom C (x j , x i ). Then, Proof. If C has got the structure of a Calabi-Yau category, the trace tr C will be additive by lemma 2.11. Hence, the trace tr C is uniquely determined by the endomorphism algebras of the simple objects. If X is a simple object of C, Schur's lemma shows that End C (X) ∼ = K as vector spaces, since the ground field K is algebraically closed. One now checks that choosing (2.19) tr C X : End C (X) ∼ = K → K to be the identity for every simple object X indeed defines the structure of a Calabi-Yau category on C. This shows the first claim. Now note that for a simple object X, due to its symmetry the trace tr C X is unique up to multiplication with an invertible central element in Z(End C (X)) ∼ = K. Thus, the trace tr C X on End C (X) is unique up to a non-zero element in K. Taking direct sums now shows the second claim.
Constructing the equivalence
The purpose of this section is construct a weak 2-functor Rep fg : Frob → CY, which sends a separable, symmetric Frobenius algebra to its category of finitely generated modules.
3.1. A Calabi-Yau structure on the representation category of a Frobenius algebra. First, we will show that the category of finitely generated modules over a symmetric, separable Frobenius algebra over an algebraically closed field K has the structure of a Calabi-Yau category in the sense of definition 2.9, and thus construct Rep (1) The module P is finitely generated and projective.
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(2) There are f 1 , . . . , f n ∈ P * and p 1 , . . . , p n ∈ P (sometimes called dual-or projective basis of P ) so that
is an isomorphism of R-modules. (4) For any other left A-module M , the map
is an isomorphism of R-modules.
Proof. The equivalence of (1) and (2) (4) ⇒ (3) is trivial, since we may
Corollary 3.2. Let A be a separable algebra over a field K, and let M be a finitely generated A-module.
Proof. This follows from the fact that every module over a separable K-algebra is projective, cf. [Jan66, Proposition 1.5]. Hence, by the first part of lemma 3.1, the map
This corollary enables us to define a trace for finitely-generated modules over a separable symmetric Frobenius algebra. Definition 3.3. Let (A, λ) be a symmetric, separable Frobenius algebra over a field K with Frobenius form λ : A → K. Let M be a finitely-generated left A-module. Denote by
Since A is finitely generated, the map Example 3.5. Let (A, λ) be a symmetric, separable Frobenius algebra over a field K. Suppose that F is a free A-module with basis e 1 , . . . , e n . Then, (3.6) tr λ F (id F ) = nλ(1 A ). As a second example, and let A := M n (K) be the algebra of n × n-matrices over K with Frobenius form λ given by the usual trace of matrices. Then, M := K n is a projective (but not free), simple A-module. We claim: 
A short calculation confirms that the f * i are even morphisms of A-modules. Next, we claim that
Thus,
Next, we show that tr λ M has indeed the properties of a trace. In order to show that the trace is symmetric, we need an additional lemma first, which can be proven by a small calculation.
Lemma 3.6. Let A be an K-algebra, and let M and N be left A-modules. Define a linear map
Then, the following diagram commutes:
Here, the horizontal map at the bottom is given by composition of intertwiners and Ψ M,M is defined as in equation (3.3).
We are now ready to show that the trace is symmetric:
Lemma 3.7. Let (A, λ) be a separable, symmetric Frobenius algebra over a field K. Let M and N be finitely-generated A-modules, and let f : M → N and g : N → M be morphisms of A-modules. Then, the trace is symmetric:
We calculate:
(3.16)
On the other hand,
(3.17)
Since λ is symmetric, the right hand-sides of equations (3.16) and (3.17) agree. This shows that the trace is symmetric.
Next, we show that the trace is additive:
Lemma 3.8. Let (A, λ) be a symmetric, separable Frobenius algebra over a field K. Let M and N be two finitely-generated A-modules, and let f : M → M and g : N → N be intertwiners. Then, the trace is additive:
Historically, the Hattori-Stallings trace has been defined by using bases. This is also possible for the trace in definition 3.3, as the next remark shows.
Remark 3.9. Let (A, λ) be a separable, symmetric Frobenius algebra over a field K, and let M be a finitely-generated A-module.
If M is a free A-module, we may express the trace in a basis of M : if f ∈ End A (M ), choose a basis e 1 , . . . , e n of M , and let e * 1 , . . . , e * n be the dual basis.
Since the trace is symmetric by lemma 3.7, we know that tr
for any isomorphism g, and therefore the trace is independent of the basis. If M is only projective and not necessarily free, there is an A-module Q so that F := M ⊕ Q is free. Let e 1 = m 1 ⊕ q 1 , . . . , e n = m n ⊕ q n be a basis of F , and let e * 1 = m * 1 ⊕ q * 1 , . . . , e * n = m * 1 ⊕ q * n be the dual basis. Using the additivity of the trace as in lemma 3.8, we have
Since the trace is symmetric, this expression is independent of the basis of F . Now, a standard argument (cf. [Sta65, 1.7]) shows that equation (3.22) is also independent of the complement Q.
Next, we would like to show that the trace is non-degenerate. We first recall a preparatory lemma. 
Proof. By Artin-Wedderburn's theorem, the algebra A is isomorphic to a direct product of matrix algebras over K:
Since the sum of the usual trace of matrices gives each A the structure of a symmetric Frobenius algebra, lemma 3.10 shows that the Frobenius form λ of A is given by
where tr i : M ni (K) → K is the usual trace of matrices and λ i ∈ K * are non-zero scalars. Recall that a module over a finite-dimensional algebra is finite-dimensional (as a vector space) if and only if it is finitely generated as a module, cf. fg is semisimple, we may decompose the finitely-generated A-modules M and N as the direct sum of simple modules:
Since f was assumed to be non-zero, at least one (f i ) j,k is non-zero. Suppose that (fĩ)j ,k ∈ End A (K ni ) is not the zero morphism. By Schur's lemma, (fĩ)j ,k is an isomorphism. Now define g ∈ Hom A (N, M ) as
. Then, by the second part of example 3.5,
We summarize the situation with the following proposition: The following example shows that assumption that A is separable is a necessary condition.
Example 3.13 (Counter-example). Let K be a field of characteristic 2, and consider the group algebra
. This is in fact a Frobenius algebra, which is not separable. There are two simple A-modules: the trivial one which we shall call S, and a two-dimensional representation which we shall call P . Here, P acts on A by the two matrices
One easily computes that
We claim that there is no trace on the representation category of A. Indeed, let tr S : End(S) → K be any linear map. Then, the pairing
is always degenerate. Therefore, a non-degenerate pairing does not exist.
Constructing the 2-functor Rep
fg on 1-morphisms. The next step of the construction will be the value of Rep fg on 1-morphisms of Frob, which are compatible Morita contexts. To these, we will have to assign equivalences of Calabi-Yau categories. Let us recall a classical theorem from Morita theory: 
For T a finitely-generated left A-module, define a linear map
Then, the following diagram commutes.
(3.37)
for every x in M , since ε and η are part of a Morita context. Now, we calculate:
On the other hand, 
. We have to calculate the left hand-side: Let f ∈ End A (T ) and write
Using n i and m j as introduced in formula (3.35), lemma 3.15 shows that (3.44) Rep
This is indeed a natural transformation because for every intertwiner
Thus, we have obtained the following weak 2-functor Rep
Proving the equivalence
The aim of this section is to prove that the weak 2-functor Rep fg : Frob → CY constructed in section 3 is an equivalence of bicategories. This will be done in several steps. First, we show that Rep Proof. It is clear that tr C P endows A := End C (P ) with the structure of a symmetric Frobenius algebra. Since C is semi-simple, the object P is the sum of the finitely many simple objects P i . By Schur's lemma, the endomorphism algebra of a simple object P i is isomorphic to a matrix algebra over a division algebra. This is equivalent to the separability of End C (P ), cf. [SY11, Theorem 11.11].
We now show that the functor Hom C (P, −) is an equivalence of Calabi-Yau categories. An exercise of [EGH + 11] which is proven in [DSPS14, Proposition 1.4] asserts that the functor Hom C (P, −) is an equivalence of linear categories. Thus, our claim amounts to show that this functor is compatible with the traces as required in definition 2.12.
Write an object X of C as an arbitrary sum of simple objects, so that X = ⊕ m j=1 X j , and let f ∈ End C (X). Since C is an additive category, we can represent f as an m × m matrix
Similarly, any g ∈ Hom C (P, X) is naturally a m × n matrix with entries
Under this identification, A = End C (P ) acts on Hom C (P, X) as a.f := f · a where f · a is the matrix product of f and a.
Then the morphism Hom C (P, f ) is given by Hom C (P,X),Hom C (P,X) (Hom C (P, f )) = δ * ⊗f , as an element of Hom C (P, X) * ⊗ A Hom C (P, X), where δ * ∈ Hom C (P, X) * andf ∈ Hom C (P, X) are defined as follows. First, define the m × n-matrix
Now, given a m × n matrix g ∈ Hom C (P, X), the element δ * (g) of A is defined to be an n × n matrix with entries
This shows equation (4.5).
We may now calculate the trace of the morphism Hom C (P, f ) in ( Hom C (P,X),Hom C (P,X) )(Hom C (P, f )). (4.9) Furthermore, there are isomorphisms of bimodules Since ε, η, r B and l A are isomorphisms of bimodules, there is a u ∈ Aut (A,B) (N ), so that (4.14)
In particular,
Since every morphism of left B-modules u ∈ Hom B (B, B) is given by right multiplication with an element of B, we may identify u with this element. Since u is also a morphism of right B-modules, the element u is in the center of B. Now define an isomorphism of (B, B)-bimodules : Frob → CY. In this section, we show that this equivalence is actually the "equivariantization" of the 2-functor sending an algebra to its category of modules.
In order to do so, we introduce the notion of a the "equivariantization" of a weak 2-functor between bicategories equipped with a G-action, where G is a topological group. Let us briefly recall the relevant definitions: For a group G, we denote with BG the category with one object and G as morphisms. Similarly, if C is a monoidal (bi-)category, BC will denote the (tri-)bicategory with one object and C as endomorphism (bi-)category of this object.
For a topological group G, let Π 2 (G) be its fundamental 2-groupoid, and BΠ 2 (G) the tricategory with one object called * and Π 2 (G) as endomorphism bicategory. A G-action on a bicategory C is then defined to be a trifunctor ρ : BΠ 2 (G) → Bicat with ρ( * ) = C, where Bicat is the tricategory of bicategories. Furthermore, given a G-action ρ on a bicategory, we define the bicategory of homotopy fixed points C G to be the bicategory Nat(∆, ρ) where objects are given by tritransformations between the constant functor ∆ and ρ, 1-morphisms are modifications, and 2-morphisms are perturbations. In the following, we will use the notation of [HSV16] concerning homotopy fixed points. 
which very explicitly consists of the data: Proof. We need to provide the data in definition 5.1: Since both actions are trivial, we may choose T g : Rep → Rep to be the identity pseudo-natural transformation for every g ∈ G, and T γ : id Rep • T g → T h • id Rep to be the identity modification for every path γ : g → h. Furthermore, we may also choose P gh and N to be the identity modifications.
Since the representation functor is SO(2)-equivariant, it induces a functor on homotopy fixed point bicategories by definitions 5.3, 5.4 and 5.5. We claim: We know that A is isomorphic to a direct sum of matrix algebras: Going through the equivalences F and G, we check that η is even pseudo-natural. This shows that the diagram (5.13) commutes up to a pseudo-natural isomorphism.
